Introduction
New building technologies, materials and structural elements are invented on a daily basis in civil engineering. A great deal of these inventions emerge in the field of composite structures. Yet only a profound understanding of their behaviour may lead to an optimized combination of materials, geometry and building technology.
The key in understanding the behaviour of composite structures is to perform extensive experimental and/or computational tests to assess effects of various parameters. The parameter of an utmost importance is the stiffness of the contact between the layers, which may dramatically change the mechanical performance of a structure, including its stiffness, ductility and load capacity. For that reason, much of the research in the composites attempts to find out what is the effect of the contact properties on both global and local behaviour ( [1] , [2] , [3] , [4] , [5] , [6] ), [7] , [8] ). The majority of analyses have been performed by computer methods rather than experimentally.
The early numerical modelings of multi-layer composite structures date back to the middle of the previous century ( [9] , [10] , [11] , [12] ). Researchers attempted to describe the partial interface connection with relatively simple mathematical models. With the increase of computer power, complex numerical models were developed for the analysis of composite beams ( [8] , [13] , [14] , [15] , [16] , [17] ).
These models neglected uplift at the contact and focused primarily on different non-linear layer material models and contact slip laws ( [18] , [19] , [20] , [21] , [22] , [23] , [24] , [25] , [26] ). The models based on the geometrically non-linear beam theory have been very rarely discussed ( [1] , [21] , [27] , [28] ). The particular examples studying the effect of slip on the buckling capacity of two-layer composite beams are given in ( [6] , [29] , [30] ).
Adekola [13] was probably the first to discuss analytically the combined effect of both slip and uplift on the behaviour of two-layer composite beams. Robinson and Naraine [3] presented the solution in the form of explicit expressions of a somewhat modified Adekola's system of differential equations. The above mentioned authors considered only a geometrically and materially linear model.
The models that account for a bilinear or fully non-linear contact model for the uplift have been given only recently, see ([31] , [32] , [33] ).
When employing a finite element type of numerical solution, one has to select the optimal set of basic variables of the problem. There are several solutions available that consider displacement-based formulations ( [20] , [31] , [34] ).
Salari et al. [5] and Ayoub [2] considered a finite element formulation based on the force interpolation. Dall'Asta and Zona [35] and Ayoub and Filippou [36] employed mixed elements, where both the displacements and forces have been interpolated.
Here a new finite element formulation for fully geometrically and materially non-linear analysis of two-layer beams is presented whose basic variables are strains. Hence, the only unknown functions of the formulation are strains. The Galerkin-type of the finite element formulation is employed as in Planinc et al. [37] . The mathematical model of the composite beam considers the following assumptions: the composite structure, an external loading and deformations are planar; the material of each layer is taken to be non-linear and homogeneous, yet it can differ from layer to layer; the geometrically and materially non-linear Reissner's beam theory is assumed for each layer; shear strains are neglected.
After the new formulation has been set up, the numerical solution of the present model is compared with the Girhammar and Gopu analytical solution, derived from the second-order geometrically non-linear theory [38] , and with the experimental results by Ansourian [39] to validate our model. Finally, the effect of the choice of the uplift constitutive law on the global response is presented and discussed.
Basic equations of a two-layer beam
The set of governing equations of a two-layer beam with the interlayer slip and uplift being taken into account consists of kinematic, equilibrium and constitutive equations supplemented by the proper natural and essential boundary conditions of each layer. Bonded behaviour of the layers is dictated by proper constraining conditions [1] .
Kinematic, equilibrium and constitutive equations
A planar, two-layer, geometrically and materially non-linear beam of inital length L is assumed here. The generalization of equations from a two-layer beam to a multi-layer one can be derived in a similar way. Large displacements of each layer are assumed, so that the geometrically non-linear beam model is necessary. Behaviour of the beam is assumed to be planar in the (X, Z)-plane of a fixed spatial Cartesian coordinate system (X, Y, Z) with base vectors e X , e Y , e Z , where e Y = e Z × e X . Each layer is additionally parametrized by its own material coordinate system placed on the contact of the layers so that the two coordinate systems coincide in the undeformed configuration:
In what follows the material axes x a ≡ x b ≡ x will be termed the 'reference axes'. Furthermore, we take that the undeformed axes of the material coordinate systems initially coincide with the spatial coordinate axes (X, Y, Z) such that
The position vector of a material point (x, 0, 0) on the deformed reference axes of the two layers is defined by (i = a, b)
where ( 
The equilibrium equations relate the equilibrium internal forces R
Constraining equations
It is clear that two bodies transmit forces when they are in contact. When considering a geometrically non-linear problem, it is not suitable to relate the constraining equations in the e X and e Z directions, as is standard for the geometrically linearized models ( [8] , [13] , [14] , [15] , [16] , [17] ). Instead, we introduce a so-called 'mean contact surface (or line)' whose normal and tangential vectors, e * n and e * t , at the point of contact are defined as [41] (see Fig. 2 ):
Here ζ represents the weight with some value between surfaces requires that the contact tractions satisfy the equilibrium condition
where p a dS a and p b dS b represent the contact forces (Fig. 2) . After considering the assumption that dS a = dS b , we can write
To simplify the notation, we further introduce p as
where p X , p Z denote the components of p with respect to the spatial coordinate system per unit of initial length. They can also be expressed with respect to the mean basis:
where p * t is the component of the contact traction force along the vector e * t , while p * n is its component along the vector e * n . Similarly, the components of the displacement vectors u i with respect to the mean base vectors (i = a, b) take the form
Mean uplift, d * , and mean slip, ∆ * , are defined as
According to Alfano and Crisfield [33] , there are roughly two models available to formulate the contact constitutive relationship. The coupled (mixed) model is capable of considering the mixed mode delamination with simultaneous opening and sliding processes as a coupled act. Consequently, there the contact traction components are assumed dependent on both d * and ∆ * , so that a rather general constitutive law is possible to be defined as
As having in mind structural engineering applications, we here consider only an uncoupled model of the contact constitutive relationship, which has already been used by, e.g. Adekola [13] and Gara et al. [31] . This model assumes an independent behaviour in each direction, which is expressed as
It is worth mentioning that a consistent linearization of Eqs. (13) and (14) around an undeformed configuration and the consideration of (16) results in the simplified relationships
which have been derived in [15] already.
For given data, i.e. geometry of the beam, external loadings, boundary conditions and material parameters, Eqs. (2), (4), (5), (6), (14), (16) constitute a system of 26 differential and algebraic equations for 26 unknown functions u a ,
n with the corresponding natural and essential boundary conditions (7)- (8).
The finite element formulation
The introduction of an exact analytical solution of the stress-strain state of a composite beam is possible only in the rare cases such as is the case of linear models (Adekola [13] , Robinson and Naraine [3] , Kroflič et al. [15] ). In order to obtain the solution of non-linear models of much more complexity, we have to adress approximative numerical methods. In the present paper the above given equations will be solved numerically by the strain-based finite element method [19] ). To that end we first introduce a modified principle of virtual work, in which the deformations become the only unknown functions of the problem (Planinc et al. [37] ). The remaining unknowns are involved in the functional only through their boundary values. The modified principle of virtual work
As observed from Eq. (19), the principle depends on deformation functions
, and boundary displacements and rotations u
In order to discretize Eq. (19), the interpolation functions for deformations 
where
M is the number of interpolation points, and index m denotes the interpolation (20), we derive the same expressions for the variations of the deformation quantities as
When we insert the interpolated functions into the modified principle of virtual work, the coefficients at the independent variations of functional (19) must equal to zero resulting in the following system of discrete equilibrium
Euler-Lagrangian equations of a two-layer composite beam accounting for an interlayer slip and uplift:
The system of Eqs. (22) 
n , when needed at a particular value of x in the above Eqs. (22), are obtained by the equations
After the boundary conditions have been inserted in the system, the incrementaliterative Newton-Raphson method is employed for the solution of the assembled system of the discrete equations of the structure.
Numerical examples
Our first numerical examples verify the proposed approach. Only then we validate our numerical model against the numerical and experimental results from literature [39] .
Verification of the mathematical model
The present numerical model is verified:
• by comparing numerical results of the present model with the analytical solution of Girhammar and Gopu [38] ,
• by studying p-and h-convergence of the numerical results of a simply supported, elastic, two-layer beam, and
• by studying p-and h-convergence of the numerical results of a geometrically and materially non-linear two-layer timber beam.
Girhammar and Gopu [38] 2 Modified second-order theory [38] 3 Geometrically linear theory [42] 4 Geometrically non-linear theory (present) * Bending moment with respect to the centroidal line of the layer the first, linear elastic, yet geometrically non-linear verification case, i.e. a fully clamped, two-layer beam, are displayed in Fig. 4 . We measure convergence of finite elements using the relative error, defined
where w The convergence of displacement w a A is shown in Fig. 5 for two load levels, λ = 25 and λ = 900 (P = 10 kN), and for finite elements of various degrees, N =2 ,..., 6. In element E N , the N -point Gaussian integration was employed.
A substantial decrease in error always occurs with an increase of the number of finite elements. The solutions applying a high degree polynomial interpolation are highly accurate even with the use of a small number of finite elements. For example, the relative error of the vertical displacement, w a A , when evaluated with four finite elements E 5 , is roughly 0.12% for λ = 25 ( Fig. 5(a) ) and 0.55% for λ = 900 (Fig. 5(b) ). The deformed shapes of the beam are presented in Fig.   6 for load levels λ = 25, 50 and 900. Note a large value of the central deflection of the two layers of the beam as well as their large uplift. in two rows. The axial distance between the nails is 6 cm. Please observe that only the bottom layer of the composite beam is supported (Fig. 7) .
The non-linear stress-strain relationship of timber proposed by Pischl [43] ( (Fig. 9(b) ) is considered. The measure of convergence of finite elements is again defined to be the relative error of the deflection
where w a A,21 is the vertical displacement of point D of layer a (Fig. 7) for the 21 E 4 finite-element mesh, and w a A,k is the value corresponding to the k finiteelement mesh. The results are presented for two load levels, λ = 10 and λ = 54, using elements E 4 with 3rd degree polynomial interpolation. The load level λ = 54 represents the collapse load of the structure which occurs due to the tensile failure of timber fibres at the bottom part of the cross-section. finite elements is sufficient to obtain the results within the 0.25% error.
The influence of ζ
We added a new parameter ζ in Eqs. (9) to a definition of the mean contact surface vectors. Here we study the effect of ζ on the vertical and transverse displacement of layers. The analysis is carried out for two similar cases. We consider a two-layer beam whose geometrical and material properties are identical to those of Fig. 4 . The boundary conditions and the load arrangement are, however, different, see Figs. 11 and 13. In the first numerical case, the beam is subject to transverse forces λP 1 = λ · 10 kN and λP 2 = λ · 5 kN, and an axial force λP 3 = λ · 50 kN at the free end of the upper layer applied at the contact surface (see Fig. 11 ). In the second numerical case, we replaced the axial force with a bending moment λM = λ·50 kNcm (see Fig. 13 ). A bilinear constitutive relationship in the normal direction is considered in both cases, with a tangen- Fig. 9(b) ).
tial moduli in compression (tension) C c = 100 kN/cm 2 (C t = 1 kN/cm 2 ), while a linear constitutive relationship in the tangential direction is assumed with Table 2 displays the results for various ζ. There we compare transverse and axial displacements of the layers at the midspan and at the unsupported end of the upper layer for different values of ζ. The relative difference between the results appears to be rather small. Fig. 12 shows the deformed shape of the axially loaded two-layer beam for the load level λ = 100 assuming ζ = 0.5. As seen, there exists a significant relative motion of the contact surfaces in both normal and tangential directons.
Figure 11: Geometry, loading and supports of axially loaded two-layer beam. 
Validation of the model
The model is validated by the laboratory results of Ansourian [39] for the continuous steel-concrete composite beam and the numerical results ofČas et al. [44] . The model in [44] compared. 9 E 4 element meshes were employed in our numerical calculations.
The comparisons between the results show that the stiffness, ductility and load compare best with the experimental ones. The comparisons withČas et al. [44] also reveal a very good agreement. These results also indicate that displacements, rotations and deformations are rather small quantities. This is due to the experimental fact that the structure collapsed shortly after the simultaneous localization of deformations in the concrete slab and a huge development of plastic deformations of steel took place [39] . The same mechanism of collapse is established by the present numerical model.
We have also studied the effect of the contact model in the normal direction e * n on the load-deflection curve. We employed two linear (with the tangential The effect of different contact laws on p * t and p * n is presented in Fig. 20 . As seen from Fig. 20(a) , the effect on p * t is minor. This is not the case with p * n , however, where a flexible type of connection may result in a substantially different p * n compared to the rigid connection. Note, however, that major differences are localized around the point of application of the load.
Conclusions
We have introduced the mathematical model of the geometrically exact two- Material properties of layers are also assumed non-linear and easily include such combinations as timber-timber, timber-concrete and steel-concrete, being often used in structural engineering.
Numerical analyses indicate that the present strain-based finite element formulation:
• is very accurate in both linear and non-linear regime, so that only a few finite elements E 4 are needed to obtain almost exact results;
• is computationally efficient, because its p-and h-convergence is fast and practically monotonous, the overall iterative solution algorithm very robust, and the results reliable;
• is thus highly convenient for the analysis of stiffness, ductility, load capacity and collapse mode of civil engineering composite structures. 
